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Abstract
We give a characterization of Fermat cubic hypersurfaces of dimension greater than 2 in characteristic 2
in terms of the property, called (GMRZ), that a projective variety admits an embedding whose Gauss map
is of rank 0. In contrast to the higher dimensional case, for cubic surfaces the above characterization is no
longer true. Moreover, we prove that the process of blowing up at points preserves the property (GMRZ),
and that every smooth rational surface in fact satisfies (GMRZ) in the characteristic 2 case.
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0. Introduction
Let X be a projective variety over an algebraically closed field of characteristic p ≥ 0. For
an embedding ι : X ↩→ PM , the Gauss map γ = γι : X 99K G(dim(X),PM ) is defined by
sending each smooth point x ∈ X to the embedded tangent space Tx X ⊂ PM . To avoid trivial
exceptions we treat γ only for a non-linear ι(X) ⊂ PM . We say that the Gauss map γ is of rank 0
if the linear map dxγ : tx X → tγ (x)G(dim(X),PM ) of Zariski tangent spaces at a general point
x ∈ X is also of rank 0.
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We give the following characterization of Fermat cubic hypersurfaces with respect to Gauss
maps:
Theorem 0.1. Let X ⊂ PN be a smooth cubic hypersurface with N ≥ 4 over an algebraically
closed field of characteristic p ≥ 0. Then there exists an embedding ι : X ↩→ PM whose Gauss
map is of rank 0 if and only if p = 2 and X is projectively equivalent to the Fermat cubic
hypersurface.
Note that this result was already shown in the case of N ≥ 5 [3, Theorem 0.4]. In Section 1, to
complete the characterization, we show the case for N = 4 by using several geometric techniques
(for example, in Proposition 1.6, we use a basic fact about singularities of cubic surfaces).
In Section 2, we see that the statement of Theorem 0.1 is no longer true in the case of N = 3
(Corollary 2.3). Moreover, we show that every smooth rational surface admits an embedding
whose Gauss map is of rank 0 if p = 2 (Theorem 2.5). This is deduced from the following result
for blow-ups:
Theorem 0.2 (=Theorem 2.1). In the case of p = 2, the process of blowing up at points
preserves the property for projective varieties X that there exists an embedding ι : X ↩→ PM
whose Gauss map is of rank 0.
In [3], the above property for X is called (GMRZ), and we hereafter use this notation.
1. The cubic 3-fold
In this section, we prove Theorem 0.1 for N = 4 in several steps. Let X ⊂ P4 be a smooth
cubic 3-fold. We denote by F = {L ∈ G(1,P4) | L ⊂ X} the set of lines on X , and denote by
U ⊂ F × X the universal family over F with projections
u : U → F and v : U → X.
The splitting type of a vector bundle A on P1, denoted by A = [ar11 , . . . , armm ], means that A
is isomorphic to the direct sum
m
i=1OP1(ai )ri of line bundles.
For a projective line L ⊂ X , the splitting type of the normal bundle NL/X is equal to either
[0, 0] or [−1, 1], as in [3, Lem. 2.7]. Since h0(NL/X ) = 2 and h1(NL/X ) = 0, it follows that
dim F = 2, and hence v is generically finite.
Proposition 1.1. For a smooth cubic 3-fold X, we have deg(v) = 6. In particular, if p = 2, then
the separable degree of v is equal to either 3 or 6.
Proof. The statement follows from [1, (1.7)].
We denote by γ0 : X → (P4)∨ := G(3,P4) the Gauss map of the original embedding
X ⊂ P4, where it follows from [12, I, 2.8. Corollary] that γ0 is a finite morphism onto its image.
We define OX (1) = OP4(1)|X . Since X is a cubic hypersurface of P4, the map γ0 is defined by
quadratic polynomials; hence γ ∗0 (O(P4)∨(1)) = OX (2).
Proposition 1.2. Let X ⊂ P4 be a smooth cubic 3-fold such that there exists an embedding
ι : X ↩→ PM whose Gauss map is of rank 0. Then, for any line L on X, it follows that
NL/X = [−1, 1] and that the image γ0(L) is equal to a line in (P4)∨.
Remark 1.3. Under the assumption of Proposition 1.2, we immediately have p = 2 due to
[3, Thm. 0.3(4)].
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In order to prove Proposition 1.2, we need to show the following:
Lemma 1.4. Under the assumption of Proposition 1.2, one of the following properties holds:
(a) We have NL/X = [−1, 1] for any line L on X.
(b) We have NL/X = [02] for any line L on X.
Proof. As in Remark 1.3, we have p = 2. Let ι be an embedding whose Gauss map is of rank
0. From the Lefschetz theorem, it follows that PicX is isomorphic to PicP4 and is generated by
OX (1); hence there exists an integer a such that ι∗OPM (1) = OX (a). Let L ⊂ X be a line. If
NL/X = [−1, 1], then from [3, Prop. 1.2 and 1.4], we have that a is odd. If NL/X = [02], then
from [3, Prop. 1.2 and 1.4] again, we have that a is even. The two conditions that a is odd and a
is even do not hold at the same time; hence the statement follows.
Now, we denote by Fx := u(v−1(x)) ⊂ F the set of L ∈ F such that x ∈ L .
Proof of Proposition 1.2. Recall that the Zariski tangent space tL Fx at L ∈ Fx is isomorphic to
H0(NL/X (−1)). Moreover, Fx is smooth at L if h1(NL/X (−1)) = 0. (For details, see [2, p. 48].)
Assume that the property (b) of Lemma 1.4 holds. Then v is a finite morphism. The reason is
the following. Let x ∈ X , let L ∈ Fx , and let V be an irreducible component of Fx containing
L . Then since h1(NL/X (−1)) = h0(NL/X (−1)) = 0, we have V = {L}, which implies the
finiteness of v.
Next, we show that v is a smooth morphism, as follows: for each point (L , x) ∈ U , we have
an exact sequence of Zariski tangent spaces,
0 → t(L ,x)v−1(x)→ t(L ,x)U d(L ,x)v−−−−→ tx X.
Since v−1(x) ≃ Fx , it follows that t(L ,x)v−1(x) is of dimension h0(NL/X (−1)) = 0. Since
dim U = dim X = 3, we have that d(L ,x)v is surjective. Hence v is smooth.
As a result, we have that the morphism v is e´tale. By [6, Cor. 2], the hypersurface X is simply
connected. Therefore v is an isomorphism, which contradicts Proposition 1.1. Thus we have
NL/X = [−1, 1] for any L ∈ F . Then it follows from [3, Lem. 4.1] that γ0(L) is equal to a line
in (P4)∨.
Proposition 1.5. Let X be as in Proposition 1.2. Then γ0|L is inseparable for any line L ⊂ X.
To prove Proposition 1.5, we show the following result. Here, for a linear subspace A ⊂ P4,
we denote by A∗ ⊂ (P4)∨ the subset of H ∈ (P4)∨ such that A ⊂ H .
Proposition 1.6. Let X be as in Proposition 1.2, and assume that γ0|L is separable for a general
line L ⊂ X. Then, for the 2-plane M ⊂ P4 satisfying γ0(L) = M∗ ⊂ (P4)∨, we have a line
R ⊂ X such that R ≠ L and that R ∪ L is equal to M ∩ X set-theoretically. Moreover, for a
general point x ∈ L, the set γ−10 (γ0(x)) consists of four distinct points x, x1, x2, x3 ∈ X with
xx1 = L, such that L(x) := x2x3 is a line in X satisfying L(x) ∩ L = ∅ and L(x) ∩ R ≠ ∅.
Lemma 1.7. Let X ⊂ P4 be a smooth cubic 3-fold. Let L ⊂ X be a line, and let M ⊂ P4 be
the 2-plane satisfying γ0(L) = M∗ in (P4)∨. Then the intersection multiplicity of M and X at
each point of L is greater than 1. Thus, set-theoretically, M ∩ X is equal to either
(a) the line L, or
(b) a union R ∪ L with some line R ≠ L.
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Proof. Since γ0(L) ⊂ L∗, we have L ⊂ M . By assumption, we have M ⊂ Tx X for every x ∈ L;
thus the intersection multiplicity of M and X at x is greater than 1. Since X is cubic, the assertion
follows.
From [11, Section 1], we have the following basic properties of a singular cubic surface:
Lemma 1.8. Let S ⊂ P3 be a singular cubic surface which is not a cone.
(a) Every singular point of S is a double point.
(b) For distinct singular points P, Q ∈ S, the line P Q is contained in S.
(c) The singular locus of S is equal to either a line of singularities or a set of finitely many
double points.
(d) Assume that the singular locus of S is equal to a set of finitely many double points. Then,
no three double points are collinear, no four double points are coplanar, and the number of
double points is less than or equal to 4.
Proof of Proposition 1.6. We denote by X0 the set of points x ∈ X such that Fx is a finite set
and that γ0|L is separable and unramified at x for any line L ∈ Fx . We find that X0 is dense in X ,
as follows: recall that v is generically finite. By assumption, γ0|L is separable for general L ∈ F .
Thus the following subset of X :
L∈F i
L ∪

L∈Fs
{x ∈ L | γ0|L : ramified at x} ∪ {x ∈ X | dim(v−1(x)) > 0},
is of codimension ≥1, where F i := {L ∈ F | γ0|L : inseparable} and F s := {L ∈ F | γ0|L :
separable}. This implies that X0 ⊂ X is dense.
Let L = L1 ⊂ X be a general line, and let x = x0 ∈ L ∩ X0 be a point. From Proposition 1.1,
we have at least two distinct lines L2, L3 ⊂ X passing through x . Then there exist three points
xi ∈ L i with 1 ≤ i ≤ 3 not equal to x such that γ0(xi ) = γ0(x). We set S := Tx X ∩ X , which
is a cubic surface containing three lines L i with 1 ≤ i ≤ 3 and being singular at four points xi
with 0 ≤ i ≤ 3. Here, the cubic S is singular at only finitely many points, is irreducible, and
is not a cone. The reason is as follows: the set γ−10 (γ0(x)) = Sing(S) consists of only finitely
many points, since γ0 is a finite morphism. If S = S1 ∪ S2 with surfaces S1, S2 ⊂ Tx X ≃ P3,
then S1 ∩ S2 is of dimension 1; since S is singular along S1 ∩ S2, we have a contradiction. If S is
a cone with vertex v, then we have that S is singular along lines vxi with i , a contradiction.
From Lemma 1.8, the set γ−10 (γ0(x)) consists of the four points x, x1, x2, x3. In addition, the
line L(x) := x2x3 is contained in S. Now we set M ⊂ P4 as the 2-plane satisfying γ0(L) = M∗,
where we have L ⊂ M as in Lemma 1.7. Since L(x) and M are contained in Tx X , we have
L(x) ∩ M ≠ ∅. Since the four points xi are not coplanar, two lines L and L(x) are disjoint,
which implies that the intersection point of L(x) and M is not contained in L . Hence we have
M ∩ X ≠ L . From Lemma 1.7, there exists a line R satisfying X ∩ M = L ∪ R, and R contains
the intersection point of L(x) and M .
Proof of Proposition 1.5. Let h ∈ H0(P4,O(3)) be the defining polynomial of X , and let
z0, . . . , z4 be homogeneous coordinates on P4. Then γ0 is expressed by polynomials ∂h/∂zi |X ∈
H0(X,O(2)) with 0 ≤ i ≤ 4.
If γ0|L is separable for some L ∈ F , then so is γ0|L for general L ∈ F . This is because γ0|L
is separable for L ∈ F if and only if ∂h/∂zi |L ∈ H0(L ,O(2)) is not contained in the subset
{ f 2 | f ∈ H0(L ,O(1))} with some i .
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We fix a general line L ⊂ X , and suppose that γ0|L is separable. As in Proposition 1.6, we can
take the line R ⊂ X satisfying R ∪ L = M ∩ X . In addition, there exists a dense subset L˜ ⊂ L
whose point x satisfies that the set γ−1(γ (x)) consists of four distinct points x, x1, x2, x3 with
L = xx1, and that L(x) ∩ L = ∅ and L(x) ∩ R ≠ ∅ hold for the line L(x) := x2x3 ⊂ X . Note that
γ0(R) ⊂ R∗ and γ0(L) = M∗ ⊂ R∗. Let us consider the following locus in X :
Y :=

x∈L˜
L(x).
For x ∈ L˜ , the line γ0(L(x)) intersects γ0(L) and γ0(R), which implies that γ0(L(x)) is contained
in the 2-plane R∗ ⊂ (P4)∨. Thus R∗ is equal to the image γ0(Y ), and is spanned by two lines
γ0(L) and γ0(R).
A general point y ∈ Y is contained in L ′ = L(x) with some x ∈ L . For the 2-plane M ′ ⊂ Pn
with M ′∗ = γ0(L ′) ⊂ R∗, we have M ∩ X = L ′ ∪ R. Then, from Proposition 1.6 again,
the set γ−10 (γ0(y)) consists of four distinct points y, y1, y2, y3 ∈ X with L ′ = yy1 such that
y2 y3 ∩ R ≠ ∅. Then γ0(y2 y3) is contained in R∗, since it intersects γ0(L ′) and γ0(R). Therefore
the two lines γ0(y2 y3) and γ0(L) intersect at a point ξ . Then γ
−1
0 (ξ) consists of four distinct
points z0, z1, z2, z3 with z0z1 = L and z2z3 = y2 y3. Since L(z0) = z2z3, we have y2, y3 ∈ Y .
Thus γ−10 (γ0(y)) ∩ Y consists of the four distinct points, which means that the separable degree
of γ0|Y is equal to 4.
Since
Y · γ ∗0 (O(P4)∨(1))2 = (γ0)∗(Y ) · O(P4)∨(1)2 = deg(γ0|Y ) · deg(γ0(Y )) = deg(γ0|Y )
and since the left hand side of the above formula is equal to Y · OP4(2)2 = 22 deg Y , it follows
that deg Y is equal to the inseparable degree of γ0|Y . Thus deg Y = 2a with some integer a ≥ 0.
Since Y ⊂ X is a divisor and since PicX = PicP4, we have 3 | deg Y , a contradiction. Thus the
assertion follows.
Proof of Theorem 0.1. The “if” part follows from the direct calculation of the Gauss map of
Fermat hypersurfaces. Thus, we will prove the “only if” part of the theorem. From [3, Thm. 0.4],
it is sufficient to prove the statement in the case of N = 4.
Let X ⊂ P4 be as in Proposition 1.2. From [3, Thm. 4.4], it is sufficient to prove rkdγ0 = 0,
where we recall that γ0 is the Gauss map of the original embedding X ⊂ P4.
From Proposition 1.5, it follows that γ0|L is inseparable for any line L in X . Now we show
that rkdγ0 = 0, as follows. Let x ∈ X be a general point. From Proposition 1.1, we find at least
three distinct lines L i ⊂ X with 1 ≤ i ≤ 3 passing through x . Since γ0|L i is inseparable, we
have rkdxγ0|L i = 0, that is, dxγ0(tx L i ) = 0 for the Zariski tangent space tx L i ⊂ tx X . Since
L1 ≠ L2, we have rkdxγ0 ≤ 1. Suppose that rkdxγ0 ≠ 0. Then, as in the proof of [3, Prop. 4.2],
by considering the Hessian matrix of dxγ0, it follows from p = 2 that we find rkdxγ0 ≥ 2, a
contradiction. Thus rkdxγ0 = 0.
2. Blow-ups of varieties satisfying (GMRZ)
Recall that we say that X satisfies (GMRZ) if there exists an embedding ι : X ↩→ PM , whose
image ι(X) is non-linear in PM , such that the Gauss map γ = γι is of rank 0 [3]. In Section 2.1,
we will prove Theorem 0.2, which is precisely described as follows:
Theorem 2.1. Let Y be a projective variety and let Y˜ → Y be the blow-up at a point P ∈ Y .
Assume that Y satisfies (GMRZ), and assume that p = 2. Then Y˜ satisfies (GMRZ).
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Note that, in the theorem, we need not assume the smoothness of Y at the point P . On the
other hand, we can determine a situation where blow-ups satisfy (GMRZ), as follows:
Corollary 2.2. Let Y be a projective variety of dimension ≥ 2 satisfying (GMRZ), and let
Z =  Zi ⊂ Y be a reduced closed subvariety of codimension ≥ 2 with the irreducible
components Zi such that (Zi )reg ∩ Yreg ≠ ∅ for each i . Then the blow-up BLZ Y of Y along
Z satisfies (GMRZ) if and only if p = 2 and Z is a set of finitely many points.
Since a smooth cubic surface in P3 is given by the blowing up of P2 at six points, and since
P2 satisfies (GMRZ), it follows from Theorem 2.1 that we have:
Corollary 2.3. Every smooth cubic surface satisfies (GMRZ) if p = 2.
In Section 2.2, we will give constructions of projective varieties which satisfy (GMRZ) by
using Theorem 2.1. As a result, we have:
Proposition 2.4. Let L ′ be any function field of dimension 1 over the ground field of character-
istic p = 2. For any purely transcendental extension L with finite transcendence degree over L ′,
there exists a smooth projective variety X satisfying (GMRZ) such that K (X) = L.
In addition, as a generalization of Corollary 2.3, we have:
Theorem 2.5. A smooth projective rational surface X satisfies (GMRZ) if and only if either
p = 2 or p > 0 and X ≃ P2.
Remark 2.6 (Curves). Every rational or elliptic smooth projective curve satisfies (GMRZ) for
any p > 0. This follows from the study of inseparable Gauss maps for rational curves [7, Ex. 4.1],
[10, Ex. 2.13], and for elliptic curves [8, Thm. 5.1], [9, Thm. 0.1].
2.1. Blowing up
In order to prove Theorem 2.1, we first study the blowing up of the projective space Pm in
characteristic p > 0. Let us consider the following composite morphism:
F : Pm ΓFrobp−−−→ Pm × Pm ↩→ PM ,
where ΓFrobp is the graph morphism of the Frobenius morphism Frobp : Pm → Pm , and
Pm × Pm ↩→ PM is the Segre embedding with M = (m + 1)2 − 1. Let P ∈ Pm, P1 := F(P),
and let πP1 : PM 99K PM−1 be the projection from the point P1. Now we set
X0 := (πP1 ◦ F)(Pm \ {P}) and X := X0 ⊂ PM−1. (1)
We define P˜ := BLP (Pm). By resolving the indeterminacy of πP1 ◦ F : Pm 99K X , we have a
morphism φ : P˜→ X . Here we have the following results.
Proposition 2.7. Let X ⊂ PM−1 be as in (1) above. Then the following hold.
(a) X0 is isomorphic to Pm \ {P} and the Gauss map of the embedding X ↩→ PM−1 is of rank 0
for any p > 0.
(b) X is isomorphic to P˜ if and only if p = 2.
Thus the blow-up of Pm at one point satisfies (GMRZ) if p = 2.
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Remark 2.8. In (b) we in fact show that Sing(X) = φ(E) in the case p ≥ 3, where E ⊂ P˜ is
the exceptional divisor.
Proof. (a) Changing coordinates (x0, x1, . . . , xm) on Pm , we may assume that P = (1, 0, . . . , 0)
and assume that F is given by (xi )0≤i≤m → (x pi x j )0≤i, j≤m . Then πP1 ◦ F is given by
(xi )0≤i≤m → (x pi x j )0≤i, j≤m,(i, j)≠(0,0).
On the open subset {xu = 1} ⊂ Pm \ {P} with 0 ≤ u ≤ m, the sub-parameters (x0, . . . , xu−1,
xu+1, . . . , xm) appear in the right hand side of the above description of πP1 ◦ F . Thus {xu = 1}
is isomorphic to its image in X for each u; hence we have Pm \ {P} ≃ X0. Since x pi x j vanishes
under the operators
∂2/∂xv∂xw with 0 ≤ v,w ≤ m, v ≠ u, w ≠ u,
it follows from [5, Lem. 2.1] that the Gauss map of X ↩→ PM−1 is of rank 0.
(b) First, we give the coordinates of the morphism φ : P˜ → X ⊂ PM−1 as follows. Let
ΓπP : Pm \ {P} → Pm × Pm−1 be the graph morphism of the projection πP : Pm 99K Pm−1,
where ΓπP is given by
(x0, x1, . . . , xm) → ((x0, x1, . . . , xm), (x1, . . . , xm)).
Then P˜ is equal to the closure of ΓπP (Pm \ {P}). Let (y1, . . . , ym) be the set of coordinates on
Pm−1. Let us consider a morphism Φ = ((φ1i, j )0≤i≤m,1≤ j≤m, (φ2i )1≤i≤m) : Pm ×Pm−1 → PM−1
defined by
φ1i, j ((x0, x1, . . . , xm), (y1, . . . , ym)) = x pi y j for 0 ≤ i ≤ m and 1 ≤ j ≤ m,
φ2i ((x0, x1, . . . , xm), (y1, . . . , ym)) = x0x p−1i yi for 1 ≤ i ≤ m,
where M = (m + 1)2 − 1. Then we have Φ ◦ ΓπP = πP1 ◦ F : Pm \ {P} → X0, and have
φ = Φ|P˜. Note that we have two isomorphisms φ|P˜\E : P˜ \ E → X0 and φ|E : E → φ(E),
where E := {P} × Pm−1 ⊂ P˜ is the exceptional divisor. Therefore φ is a bijective morphism.
Now suppose p = 2. We will show that φ is isomorphic, as follows. Let p2 : P˜→ Pm−1 be
the second projection, and let Ui := {yi ≠ 0} ⊂ Pm−1 be the standard open subset. Then it is
sufficient to show that φ is isomorphic on p−12 (Ui ) for all 1 ≤ i ≤ m. By symmetry, we may
assume that i = 1 and set U := U1. We have
P˜ = {((xi ), (y j )) ∈ Pm × Pm−1 | xi y j = x j yi for 1 ≤ i, j ≤ m}.
Here, in the case y1 = 1, we have equalities xi = x1 yi for 2 ≤ i ≤ m, and have an isomorphism
ψ : P1 ×U → p−12 (U ) defined by
((x0, x1), (1, y2, y3, . . . , ym)) → ((x0, x1, x1 y2, x1 y3, . . . , x1 ym), (1, y2, y3, . . . , ym)).
Let V = {x0 ≠ 0} ⊂ P1. Then E ∩ p−12 (U ) ⊂ ψ(V ×U ). Here we have
((φ1i, j ◦ ψ |V×U )((1, x1), (1, y2, . . . , ym)))i, j = (1, y2, . . . , ym, ∗, . . . , ∗),
((φ2i ◦ ψ |V×U )((1, x1), (1, y2, . . . , ym)))i = (x1, x1 y22 , . . . , x1 y2m).
Thus Φ ◦ ψ |V×U is isomorphic to its image; hence so is φ|p−12 (U ).
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Suppose p ≥ 3. As above, we consider the morphism φ ◦ ψ |V×U . In this case, it is obtained
from
((φ1i, j ◦ ψ |V×U )((1, x1), (1, y2, . . . , ym)))i, j
= (1, y2, . . . , ym, x p1 , x p1 y2, . . . , x p1 ym, ∗, . . . , ∗),
((φ2i ◦ ψ |V×U )((1, x1), (1, y2, . . . , ym)))i = (x p−11 , x p−11 y p2 , . . . , x p−11 y pm).
Thus φ ◦ψ is not isomorphic at each point of {(1, 0)}×U . By symmetry, φ is not isomorphic for
each point of E . Here, we show that φ(E) is the singular locus of X , as follows. Assume that X
is smooth at a point of φ(E). Then, by symmetry, X is smooth at every point of φ(E); hence X
is a smooth variety. Since φ is bijective, the Zariski main theorem implies that φ is isomorphic,
a contradiction.
Thus X is a singular variety with Sing(X) = φ(E). In particular, it follows that X is not
isomorphic to P˜.
Proof of Theorem 2.1. Assume that p = 2, and let ι : Y ↩→ Pm be an embedding whose Gauss
map is of rank 0. We take a general point Q ∈ Y . Changing coordinates on Pm , we may assume
that P = (1, 0, 0, . . . , 0) and Q = (0, 1, 0, . . . , 0) in Pm . Then, as in [5, (2.1) and Lem. 2.1], we
have local coordinates of Y around Q:
( f0, 1, z2, . . . , zn, zn+1, fn+2, . . . , fm)
where (z2, . . . , zn, zn+1) are the local parameters, and the fi ’s are polynomials contained in the
maximal ideal of OX,Q such that ∂2 fi/∂z j∂zk = 0 for each i .
As in Proposition 2.7, let P˜ := BLP (Pm) and let φ : P˜ → PM−1 be the morphism given by
resolving the indeterminacy of
πP1 ◦ F : Pm 99K PM−1 : (xi )0≤i≤m → (x pi x j )0≤i, j≤m,(i, j)≠(0,0). (2)
Here φ is an embedding because of p = 2. Let Y˜ ⊂ P˜ be the blow-up of Y at P , and let Q˜ ∈ Y˜
be the point corresponding to Q ∈ Y . Then
φ|Y˜ : Y˜ → PM−1
gives an embedding. The local coordinates of φ(Y˜ ) ⊂ PM−1 around the point φ(Q˜) = (πP1 ◦ F)
(Q) are given by
(πP1 ◦ F)( f0, 1, z2, . . . , zn, zn+1, fn+2, . . . , fm). (3)
By using the parameterization (2), we find that (3) consists of the local parameters (z2, . . . ,
zn, zn+1) and local functions vanishing under the operators ∂2/∂zv∂zw with 2 ≤ v,w ≤ n + 1.
Thus it follows from [5, Lem. 2.1] that the Gauss map of φ(Y˜ ) ⊂ PM−1 is of rank 0.
Next we consider the “only if” part of Corollary 2.2.
Lemma 2.9. Let Y be an n-dimensional projective variety, let Z ⊂ Y be a closed subvariety of
codimension ≥ 2, and let P ∈ Zreg ∩ Yreg. If Z is of dimension m at P, we have NL/BLZ (Y ) =[1n−m−2, 0m,−1], where q : BLZ Y → Y is the projection, and L ⊂ q−1(P) ≃ Pn−m−1 is a
projective line.
Proof. Let Z ′ be an irreducible component of Z containing P . Here q−1(Z ′reg ∩ Yreg) is a
Pn−m−1-bundle over Z ′reg ∩ Yreg. As in [3, Lem. 2.4], we have NL/q−1(Z) = [1n−m−2, 0m]. Since
Nq−1(Z)/BLZ (Y )|L = [−1], we have NL/BLZ (Y ) = [1n−m−2, 0m,−1].
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Corollary 2.10. Under the assumption of Lemma 2.9, BLZ Y satisfies (GMRZ) only if p = 2
and m = 0 (i.e., {P} is an irreducible component of Z).
Proof. The statement follows from Lemma 2.9 and [3, Thm. 0.2].
Proof of Corollary 2.2. If p = 2 and Z is a set of finitely many points, then Theorem 2.1 implies
that BLZ Y satisfies (GMRZ).
Conversely, suppose that BLZ Y satisfies (GMRZ). For an irreducible component Zi of Z , we
can take a point P ∈ Zi ∩ Zreg ∩ Yreg. By applying Corollary 2.10, we obtain p = 2 and m = 0
(i.e., Zi = {P}).
2.2. Construction of varieties satisfying (GMRZ)
For a smooth projective variety Y ⊂ PM , and for an embedding PM ↩→ PM+1 with a point
P ∈ PM+1 \ PM , we set
R(Y ) := BLP Cone(P, Y ),
the smooth projective variety ruled over Y defined as the blow-up of the cone Cone(P, Y ) ⊂
PM+1 at the vertex P .
Lemma 2.11. Assume that p = 2. Let Y be a smooth projective variety satisfying (GMRZ), and
let ι : Y ↩→ PM be an embedding whose Gauss map is of rank 0. Then the ruled variety R(ι(Y ))
satisfies (GMRZ).
Proof. We set YP := Cone(P, ι(Y )) ⊂ PM+1 and denote by ιP its embedding in PM+1. Then
we have the following commutative diagram:
YP \ {P}
πP

γιP / im(γιP )
≃

⊂ G(dim(Y )+ 1,PM+1)
Y
γι / im(γι) ⊂ G(dim(Y ),PM ),
where πP : PM+1 \ {P} → PM denotes the projection from P . Since γι is of rank 0, so is γιP .
Hence Theorem 2.1 implies that R(ι(Y )), the blow-up of YP , satisfies (GMRZ).
Corollary 2.12. Assume that p = 2, and let C be a smooth projective curve, and let ι : C ↩→ PN
be an arbitrary embedding. Then the ruled surface R(ι(C)) satisfies (GMRZ).
Proof. From [8, Cor. 2.2 and 2.3], since C is a curve, it follows from p = 2 that the Gauss map
of ι is of rank 0. Therefore, from Lemma 2.11, the ruled surface R(ι(C)) satisfies (GMRZ).
Proof of Proposition 2.4. For any function field L ′ of dimension 1 over the ground field, we
find a smooth projective curve C with K (C) = L ′. Then, as above, the Gauss map of any
embedding ι : C ↩→ PN is of rank 0. Let Y1 := C . From Lemma 2.11, we inductively have
that Yi := R(ιi−1(Yi−1)) satisfies (GMRZ) for any i > 1 if p = 2, where ιi−1 is an embedding
whose Gauss map is of rank 0. Here K (Yi ) is purely transcendental extension over L ′.
Now, in order to prove Theorem 2.5, we study minimal rational surfaces:
Proposition 2.13. A Hirzebruch surface Σe := P(OP1 ⊕OP1(−e)) with e ≥ 0 satisfies (GMRZ)
if and only if p = 2.
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Proof. If Σe satisfies (GMRZ), then [3, Thm. 0.3(1)] implies p = 2.
Next, we assume that p = 2. If e = 0, then Σe ≃ P1 × P1; hence, in this case, the statement
follows from [3, Thm. 0.3(3)]. Thus, we assume that e > 0. Let C ⊂ Pe be the rational
normal curve C ⊂ Pe of degree e, i.e., C is the image of the morphism P1 → Pe : (s, t) →
(se, . . . , se−i t i , . . . , te). For an embedding Pe ↩→ Pe+1 with a point P ∈ Pe+1 \ Pe, the surface
Σe is isomorphic to the blow-up of the cone Cone(P,C) ∈ Pe+1 at the vertex P . Therefore, as
in Corollary 2.12, we find that Σe satisfies (GMRZ).
Corollary 2.14. A relatively minimal rational surface X satisfies (GMRZ) if and only if either
p = 2 or p > 0 and X ≃ P2.
Proof. A relatively minimal rational surface X is isomorphic to P2 or Σe with e ≥ 0, e ≠ 1. In
the case X = Σe, the assertion follows from Proposition 2.13. On the other hand, P2 satisfies
(GMRZ) for any p > 0 as in [4, Ex. 3.1].
Proof of Theorem 2.5. Let X be a smooth rational surface. Then X is given by a chain of blow-
ups of points X = X1 → X2 → · · · → Xr with a relatively minimal rational surface Xr . Thus
the assertion follows from Corollaries 2.2 and 2.14.
Acknowledgments
The author would like to thank Professors Satoru Fukasawa and Hajime Kaji for many helpful
discussions.
References
[1] A. Altman, S. Kleiman, Foundation of the theory of Fano schemes, Compos. Math. 34 (1977) 3–47.
[2] O. Debarre, Higher-Dimensional Algebraic Geometry, Springer, 2001.
[3] S. Fukasawa, K. Furukawa, H. Kaji, Projective varieties admitting an embedding with Gauss map of rank zero, Adv.
Math. 224 (2010) 2645–2661.
[4] S. Fukasawa, H. Kaji, Existence of a non-reflexive embedding with birational Gauss map for a projective variety,
Math. Nachr. 281 (2008) 1412–1417.
[5] S. Fukasawa, H. Kaji, Any algebraic variety in positive characteristic admits a projective model with an inseparable
Gauss map, J. Pure Appl. Algebra 214 (3) (2010) 297–300.
[6] W. Fulton, J. Hansen, A connectedness theorem for projective varieties, with applications to intersections and
singularities of mappings, Ann. of Math. 110 (1979) 159–166.
[7] H. Kaji, On the tangentially degenerate curves, J. Lond. Math. Soc. 33 (2) (1986) 430–440.
[8] H. Kaji, On the Gauss maps of space curves in characteristic p, Compos. Math. 70 (1989) 177–197.
[9] H. Kaji, On the Gauss maps of space curves in characteristic p, II, Compos. Math. 78 (1991) 261–269.
[10] J. Rathmann, The uniform position principle for curves in characteristic p, Math. Ann. 276 (1987) 565–579.
[11] L.G. Roberts, Lines in singular cubics, Queen’s Papers in Pure and Appl. Math. 76 (1986) 1–10.
[12] F.L. Zak, Tangents and Secants of Algebraic Varieties, in: Transl. Math. Monographs, vol. 127, Amer. Math. Soc.,
Providence, 1993.
